Abstract-This paper proposes a fault-tolerant control method for discrete-time linear systems with actuator fault. The proposed method is based on the fault hiding methodology. First, the considered system is converted as a single perturbed system representation and then a fault estimation observer is designed to estimate the fault. Based on the fault estimation result, a virtual actuator design method is proposed to achieve optimal fault hiding. The virtual actuator consists of a feedback part and a feedforward term. The feedback part is used to ensure the closedloop stability and the feedforward term is designed to achieve optimal performance recovery. Finally, an aircraft example is simulated to demonstrate the effectiveness and performance of the proposed method.
I. INTRODUCTION
It is known that reliability and safety is of significant importance in modern engineering systems. However, faults in practical systems may lead to performance degradation or even break down the operation. Therefore, it is necessary to investigate fault diagnosis and Fault-Tolerant Control (FTC) techniques to deal with potential faults and guarantee the system reliability and safety. For instance, the fault diagnosis and FTC methods have been considered in some safety-critical systems such as unmanned aerial vehicles [1] , [2] , [3] , [4] and satellites [5] , [6] .
Generally, the fault diagnosis techniques are divided into three classes, i.e. model-based methods, signal-based methods and knowledge-based methods [7] . Among these methods, the model-based methods are most popular and various approaches have been proposed in the literature, see e.g. [8] , [9] and the references therein. Fault-tolerant control techniques are classified into passive FTC methods and active FTC methods [10] . As pointed out in [10] , the FTC methods have limited capabilities. Therefore, more attention has been devoted to the active FTC methods in the past decades. Controller reconfiguration is the most commonly used method in active FTC design. Its basic idea is to modify the controller after the fault occurrence to achieve fault-tolerance. However, with controller reconfiguration, the priori knowledge contained in the nominal controller may be lost and the reconfigured system may not exhibit desirable performance. In view of this, Lunze et al. [11] proposed a new FTC design methodology called fault hiding approach, which aims to make the reconfigured system exhibit similar behavior to that of the nominal plant. In this paradigm, the nominal controller is kept in the loop and a reconfiguration block is inserted between faulty plant and nominal controller to generate useful control signals so as to hide the impact of faults. The merit of this approach is it provides a way for minimally-invasive alternations of the loop [12] .
In recent years, the fault hiding approach has been applied to different systems such as piecewise affine system [13] , [14] , linear parameter-varying system [15] , [16] and Lipschitz nonlinear systems [12] . However, many existing results do not consider the fault diagnosis problem but assume that fault has already been accurately estimated, which is obviously an impractical assumption.
Moreover, most fault hiding approaches only consider the closed-loop stability of the reconfigured system and few results consider the performance recovery problem. To the best of our knowledge, only [12] , [16] investigated the closed-loop performance based on the concept of input-to-state stability.
This paper proposes a fault-tolerant control method based on fault hiding approach. In this paper, a fault estimation observer is used to estimate the faults and a virtual actuator is designed to achieve optimal fault hiding goal.
II. PROBLEM FORMULATION
Consider the following discrete-time linear system
where x(k) ∈ R n is the state, u c (k) ∈ R p is the control input, and y c (k) ∈ R m is the output. A ∈ R n×n , B ∈ R n×p , and C ∈ R m×n are known constant matrices.
In this paper, only actuator faults are considered. The actuator faults are modeled as a multiplicative representation, i.e. the actuator faults change the input matrix B to B f , which is given as
Herein, Λ ∈ R p×p is a diagonal matrix which implies the impact of the actuator faults, i.e.
In fact, γ i represents the effectiveness factors of the ith actuator. γ i = 0 means that the ith actuator is presented to be total failure, such as a stuck fault; 0 < γ i < 1 denotes the fault of the ith actuator may be a partial loss of control effectiveness; and γ i = 1 implies the ith actuator is faultfree. For the convenience of fault estimation, the scalars λ i , i = 1, 2, . . . , p are assumed to be constant or slow-varying.
Considering the actuator faults, the model of the faulty plant is given by
where x f ∈ R n , u f (k) ∈ R p and y f (k) ∈ R m denote the state, the control input and the output of the faulty plant, respectively.
The aim of this paper is to design a fault-tolerant scheme such that the reconfigured state of the faulty plant (4) exhibits similar behavior to that of the nominal model (1).
III. FAULT ESTIMATION OBSERVER DESIGN
In this section, the considered system is transformed as an augmented system. Then, a fault estimation observer is designed to simultaneously estimate the fault and states of the faulty plant.
To achieve fault estimation, the actuator fault should be converted as an additive representation by letting
where f (k) ∈ R n is an virtual equivalent fault, I p is used to denote a p × p identity matrix.
By using (5), the considered system (4) becomes
the system (6) is equivalent to
where
1 is a small positive scalar. By introducing , the (8) can be seen as a singular perturbed system. It has been shown in [17] , [18] that the fault estimation observer based on an equivalent descriptor system exhibits fast convergence speed. Therefore, this paper construct a descriptor system (8) and design a fault estimation observer based on (8) .
Using the relation in (5), the estimate of Λ can be easily obtained the additive fault term is estimated (this will be shown later). Moreover, according to the definition ofx f (k) in (7), the actuator fault f (k − 1) can be estimated if the estimation of the augmented statex f (k) is obtained. Therefore, it can be concluded that fault estimation for system (4) is converted as an observer design problem for the descriptor system (8).
In the literature, there has been some results on observer design for discrete-time descriptor systems, e.g. [19] , [20] , [21] . Among these results, [21] proposes a new observer structure and presents a systemic design approach. In this paper, the observer structure and design method in [21] is used to design fault estimation observer. The proposed observer has the following form
is the estimate of the augmented statē x f (k) and L ∈ R (n+p)×m is the gain matrix to be synthesized. In (10), the matrices T ∈ R (n+p)×(n+p) and N ∈ R (n+p)×m are designed such that
Remark 1: The matrices T and N can be determined by using the Lemma 1 in [22] , i.e.
are given by
and Ψ † denotes the pseudo-inverse of Ψ.
The gain matrix L is designed by the following Theorem.
Theorem 1: For the descriptor system (8) and a given symmetric positive definite matrix Q ∈ R (n+p)×(n+p) , there is an asymptotic observer in the form of (10) if there exist a symmetric positive definite matrix P ∈ R (n+p)×(n+p) and a matrix W ∈ R (n+p)×m satisfying the following linear matrix inequality
Moreover, the matrix L can be determined by
Proof: By using (11), the dynamic equation in (8) can be rewritten as
On the other hand, the observer equation (10) can be written asx
and subtract (18) from (17), the estimation error dynamics is obtained as
Take the following Lyapunov function
Then the difference of V (k) is
It is obvious that ΔV e (k) < 0 if the following matrix inequality holds
Using Schur complement Lemma, (23) is equivalent to
By letting W = P L, the inequality (24) becomes (15). This completes the proof.
After the estimation of the augmented statex f (k) is obtained, the fault estimation and state estimation can be obtained as followŝ
According to equation (5), we have
Therefore, iff (k − 1) is obtained, then λ i , i = 1, 2, . . . , p can be estimated bŷ
. . , p (28) It should be noted that a constant Λ assumption is used here. Using (28), the estimate of B f is obtained aŝ
whereΛ is given bŷ
IV. VIRTUAL ACTUATOR DESIGN
In this section, a virtual actuator is synthesized based on the estimation results provided by the fault estimation observer. In the virtual actuator, the nominal plant (1) is used as a reference model. Two main objectives of the virtual actuator design are given as follows:
(i) Stability synthesis: Guarantee the closed-loop stability for the reconfigured system.
(ii) Performance recovery: Force the state of the faulty plant approximates the state of the nominal plant.
To achieve these goals, this paper proposes the following virtual actuator
where K ∈ R p×n is a feedback gain matrix to be designed,
is the difference between the reference state and the estimate of the state x f in the faulty plant (4).
A. Stability Synthesis
In order to synthesize the virtual actuator, we define the following difference variables:
Substituting (31) into the dynamic equation of (4), it comes
It should be noted that the control input u c (k) and the feedforward term u R (k) are omitted in the stability analysis stage since the performance recovery will be considered later. By subtracting (35) from (1), we obtain the following error dynamics:x
where x Δ (k) =x(k) + e x (k) has been used.
Inspired by [23] , we will show that the feedback part in the virtual actuator (31) can be designed independently. To design gain matrix K so as to guarantee the stability of the closed-loop system, the following theorem is proposed.
Theorem 2: For the reference model (1) and the closedloop system (35), the error dynamics (36) if is stable if Theorem 1 holds and there exists a symmetric positive definite matrix X ∈ R
n×n and a matrix Y ∈ R n×p such that
Moreover, if the LMI in (37) is solved, the gain matrix K can be determined by
Proof: Consider the following Lyapunov function
where V e (k) is defined in (21) and V e (k) is given by
Herein, P x ∈ R n×n is a symmetric positive definite matrix and ρ > 0 is a scalar which will be determined later.
The difference of V (k) is given as
Note that e x (k) = C x e(k) has been used in (41). Herein and in the following, A K = A + B f K is used for brevity.
Substituting the inequality (23) into (41), we obtain
Now, it is assumed that the following matrix inequality holds
then we have We have ΔV (k) < 0, which implies that the closed-loop system is stable.
Due to limited space, the rest of the proof is omitted since it is easy to show that (43) is equivalent to LMI (37) by letting X = P −1 and Y = KX.
Remark 2:
It should be noted that the matrix B f used in Theorem 2 is not available in practice. Therefore, solving the LMI (37) is impossible. As a result, the matrix K should be designed based on the estimation resultB f and the LMI used in designing K will be substituted by
B. Performance Recovery
Theorem 2 is used to guarantee the closed-loop stability for the reconfigured system. Nevertheless, only the design goal (i) is fulfilled. We should further design the feedforward term u R (k) to achieve the second goal (ii).
In order to obtain desirable performance, u R (k) is designed via an optimization algorithm. The main idea is to make the state estimation in the instant k +1 approximates the reference state x(k + 1). First,x(k + 1) is obtained as follows.
On the other hand, the reference state x(k + 1) in (1) is
Define the following cost function
Solving the optimization problem (52) yields
V. SIMULATIONS
In this section, a simulation example is used to show the effectiveness of the proposed method. The considered example is a VTOL aircraft model taken from [24] . The continuous-time model has the following form
where Using the Euler approximation method with a sampling period t s = 0.02s, the continuous system (54) can be discretized into the form of (4) Now, the proposed method can be easily applied to the considered system. By simply choosing the matrix S in (12) and (13) T is a given signal.
In the following, two simulations are given to demonstrate the performance of the proposed method. First, the second actuator is assumed to lose its 40% effectiveness from the instant k = 200. In this situation, the fault estimation result is depicted in Fig. 1 . Herein, λ 1 and λ 2 are depicted in real line while the estimates are shown in dashed one. Fig. 1 shows that the proposed fault estimation observer provides accurate fault estimate. In this situation, the fault tolerant control result provided by the proposed method is depicted in Fig. 2 . For comparison purpose, to show the performance of the proposed method, the static virtual actuator (i.e. fault hiding via control allocation) is simulated for comparison. Specifically, the static virtual actuator is given by The fault tolerant control results are depicted in Fig. 2 . Therein, the tracking error by using the proposed method is depicted in solid lines while the tracking error by using static virtual actuator is illustrated in dashed lines. As shown in Fig. 2 , both the proposed fault tolerant control method and the static virtual actuator exhibit good fault hiding performance in dealing with constant fault.
Although the proposed method is designed based on the constant fault assumption, it should be noted that it is also effective in dealing with time-varying faults. Next, a timevarying fault is simulated to show the performance of the presented method in the presence of time-varying fault. In this simulation, it is assumed that a fault occurs at the first actuator such that
In this case, the fault estimation result of the proposed method is depicted in Fig. 3 . It can be shown that the proposed fault estimation observer is able to provide accurate fault estimation result even in dealing with time-varying fault. Moreover, both the fault tolerant control result using the proposed method and the result via the static virtual actuator are illustrated in Fig. 4 (the tracking error by using the proposed method is depicted in solid lines while the tracking error by using static virtual actuator is illustrated in dashed lines). Fig.  4 shows that the proposed method is also effective in timevarying fault scenario. Nevertheless, form Fig. 4 we can see that there are some vibrations in the states obtained by the static virtual actuator. Obviously, the simulation result shows the proposed approach achieves more accurate performance recovery than the static virtual actuator. This implies the superiority of our method.
VI. CONCLUSION
This paper proposes a novel fault-tolerant control strategy by using fault estimation observer design and fault hiding approach. By transforming the considered system into a singular perturbed system representation, a fault estimation observer which is able to simultaneously estimate the faults and states can be designed. Based on the estimation result, a virtual actuator is synthesized to achieve fault hiding goal. The proposed virtual actuator design not only guarantees the closed-loop stability but also achieves optimal performance recovery for the reconfigured system. The effectiveness and performance of the proposed method is demonstrated by a VTOL aircraft example.
